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ÏÎ ÍÅÒÎ×ÍÎ ÇÀÄÀÍÍÎÌÓ ÑÏÅÊÒÐÓ

Ã. Ã. ÌÀÃÀÐÈË-ÈËÜßÅÂ, Ê. Þ. ÎÑÈÏÅÍÊÎ

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ ñåìåéñòâà îïòèìàëüíûõ ìåòîäîâ
âîññòàíîâëåíèÿ ïðîèçâîäíûõ ôóíêöèé ïî íåòî÷íî çàäàííîìó íà êî-
íå÷íîì îòðåçêå ïðåîáðàçîâàíèþ Ôóðüå ýòèõ ôóíêöèé. Òî÷íàÿ ïî-
ñòàíîâêà çàäà÷è òàêîâà. Ïóñòü n ∈ N, W n

2 (R) � ñîáîëåâñêèé êëàññ
ôóíêöèé x(·) ∈ L2(R), ó êîòîðûõ (n − 1)-àÿ ïðîèçâîäíàÿ ëîêàëü-
íî àáñîëþòíî íåïðåðûâíà è ‖x(n)(·)‖L2(R) ≤ 1. Ïóñòü äàëåå σ > 0,
∆σ = [−σ, σ], 1 ≤ k < n è δ > 0. Äîïóñòèì, ÷òî èçâåñòíî ïðåîáðàçî-
âàíèå Ôóðüå Fx(·) ôóíêöèè x(·) ∈ W n

2 (R), çàäàííîå íà ∆σ ñ òî÷íî-
ñòüþ äî δ â ìåòðèêå L2(∆σ), ò. å. èçâåñòíà ôóíêöèÿ y(·) ∈ L2(∆σ)
òàêàÿ, ÷òî ‖Fx(·) − y(·)‖L2(∆σ) ≤ δ. Êàê íàèëó÷øèì îáðàçîì âîñ-
ïîëüçîâàòüñÿ ýòîé èíôîðìàöèåé, ÷òîáû âîññòàíîâèòü åå k-óþ ïðî-
èçâîäíóþ â ìåòðèêå L2(R)?
Â êà÷åñòâå ìåòîäîâ âîññòàíîâëåíèÿ ðàññìàòðèâàþòñÿ âñåâîçìîæ-

íûå îòîáðàæåíèÿ ϕ : L2(∆σ)→ L2(R). Ïîãðåøíîñòüþ ìåòîäà ϕ íà-
çûâàåòñÿ âåëè÷èíà

e(ϕ) = sup
x(·)∈Wn

2 (R), y∈L2(∆σ)
‖Fx(·)−y(·)‖L2(∆σ)≤δ

‖x(k)(·)− ϕ(y(·))(·)‖L2(R).

Íàñ èíòåðåñóåò âåëè÷èíà

E = inf
m : L2(∆σ)→L2(R)

e(ϕ),

êîòîðàÿ íàçûâàåòñÿ ïîãðåøíîñòüþ îïòèìàëüíîãî âîññòàíîâëåíèÿ

è ìåòîä, íà êîòîðîì äîñòèãàåòñÿ íèæíÿÿ ãðàíü, íàçûâàåìûé îïòè-
ìàëüíûì ìåòîäîì âîññòàíîâëåíèÿ.

Òåîðåìà. Ïóñòü k, n � öåëûå, 1 ≤ k < n, σ > 0, δ > 0,

σ̂ =
(n
k

) 1
2(n−k)

(
2π

δ2

) 1
2n

è σ0 = min{σ, σ̂}. Òîãäà

(1) E = σk0

√
n− k
2πn

(
k

n

) k
n−k

δ2 + σ
2(k−n)
0 .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî ôîíäà ôóíäà-
ìåíòàëüíûõ èññëåäîâàíèé (ãðàíòû �08-01-00450 è �09-01-90360).
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Äëÿ âñåõ îãðàíè÷åííûõ ôóíêöèé m(·) òàêèõ, ÷òî

(2) |m(ξ)− (iξ)kα(ξ)| ≤ |ξ|k
√√√√α2(ξ) + α(ξ)

((
ξ

σ0

)2(n−k)

− 1

)
,

ãäå

α(ξ) =

(
1 +

n

n− k

(n
k

) k
n−k
(
ξ

σ0

)2n
)−1

,

ìåòîäû

(3) ϕ(y(·))(t) =
1

2π

∫
∆σ

m(ξ)y(ξ)eiξt dξ

ÿâëÿþòñÿ îïòèìàëüíûìè.

Ñëåäñòâèå. Ïðè âñåõ

0 ≤ σ′ ≤
(
n− k
n

) 1
2k
(
k

n

) 1
2(n−k)

σ0,

ìåòîäû

(4)

ϕ(y(·))(t) =
1

2π

∫
|ξ|≤σ′

(iξ)ky(ξ)eiξt dξ+
1

2π

∫
σ′≤|ξ|≤σ0

(iξ)kα(ξ)y(ξ)eiξt dξ

ÿâëÿþòñÿ îïòèìàëüíûìè.

Îïòèìàëüíûå ìåòîäû (4) õàðàêòåðèçóþòñÿ òåì, ÷òî íà ïðîìå-
æóòêå σ′ ≤ |ξ| ≤ σ0 íåòî÷íûå èñõîäíûå äàííûå �ôèëüòðóþòñÿ� ñ
ïîìîùüþ ôóíêöèè α(·), à íà ïðîìåæóòêå |ξ| ≤ σ′ ôèëüòðàöèè íå
ïðîèñõîäèò.

Äîêàçàòåëüñòâî òåîðåìû. Íåñëîæíàÿ îöåíêà ïîêàçûâàåò, ÷òî E2

íå ìåíüøå çíà÷åíèÿ ñëåäóþùåé çàäà÷è

‖x(k)(·)‖2
L2(R) → max, ‖Fx(·)‖2

L2(∆σ) ≤ δ2, ‖x(n)(·)‖2
L2(R) ≤ 1,

èëè â îáðàçàõ Ôóðüå

1

2π

∫
R
ξ2k|Fx(ξ)|2 dξ → max,

∫
∆σ

|Fx(ξ)|2 dξ ≤ δ2,

1

2π

∫
R
ξ2n|Fx(ξ)|2 dξ ≤ 1.

Ó ýòîé çàäà÷è íåò ðåøåíèÿ, íî, òåì íå ìåíåå, åå çíà÷åíèå ìîæíî
íàéòè (èñïîëüçóÿ ñîîáðàæåíèÿ äâîéñòâåííîñòè, ïîñêîëüêó îòíîñè-
òåëüíî ïåðåìåííîé |Fx(·)|2 ýòî çàäà÷à ëèíåéíîãî ïðîãðàììèðîâà-
íèÿ, ñì. [5]) è îíî ðàâíî êâàäðàòó âåëè÷èíû, ñòîÿùåé â ïðàâîé
÷àñòè (1), ÷òî äàåò îöåíêó ñíèçó âåëè÷èíû E.
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Åñëè ϕ � íåêîòîðûé ìåòîä, òî âåëè÷èíà e2(ϕ) ðàâíà, ïî îïðåäå-
ëåíèþ, çíà÷åíèþ çàäà÷è

(5) ‖x(k)(·)− ϕ(y(·))(·)‖2
L2(R) → max, ‖Fx(·)− y(·)‖2

L2(∆σ) ≤ δ2,

y(·) ∈ L2(∆σ), ‖x(n)(·)‖2
L2(R) ≤ 1.

Ïîêàæåì, ÷òî åñëè ìåòîä ϕ â îáðàçàõ Ôóðüå åñòü óìíîæåíèå íà
îãðàíè÷åííóþ ôóíêöèþ m(·), óäîâëåòâîðÿþùóþ óñëîâèþ (2), òî
çíà÷åíèå çàäà÷è (5) íå ïðåâîñõîäèò E2 è òåì ñàìûì ϕ � îïòèìàëü-
íûé ìåòîä.
Èòàê, ïóñòü ϕ � ìåòîä óêàçàííîãî âèäà. Òîãäà â îáðàçàõ Ôóðüå

çàäà÷à (5), îáîçíà÷àÿ h = (2π)−1
∫
|t|>σ ξ

2n|Fx(ξ)|2 dξ, z(ξ) = Fx(ξ)−
y(ξ) è b(ξ) = (iξ)k −m(ξ) è ó÷èòûâàÿ, ÷òî

1

2π

∫
|t|>σ

ξ2k|Fx(ξ)|2 dξ ≤ σ2(k−n) 1

2π

∫
|t|>σ

ξ2n|Fx(ξ)|2 dξ = hσ2(k−n),

ìîæåò áûòü ïåðåïèñàíà â âèäå

(6)
1

2π

∫
∆σ

|m(ξ)z(ξ) + b(ξ)Fx(ξ)|2 dξ + hσ2(k−n) → max,∫
∆σ

|z(ξ)|2 dξ ≤ δ2,
1

2π

∫
∆σ

ξ2n|Fx(ξ)|2 dξ + h ≤ 1.

Èç íåðàâåíñòâà Êîøè�Áóíÿêîâñêîãî |m(ξ)z(ξ) + b(ξ)Fx(ξ)|2 ≤
(s−1|a(ξ)|2+2πξ−2n|b(ξ)|2)(s|z(ξ)|2+(2π)−1ξ2n|Fx(ξ)|2), ñïðàâåäëèâî-
ãî äëÿ ëþáîãî s > 0, âûòåêàåò, ÷òî çíà÷åíèå çàäà÷è (6) îöåíèâàåòñÿ
âåëè÷èíîé

(7) max
h∈[0,1]

(
As(sδ

2 + 1− h) + hσ2(k−n)
)

= Assδ
2 + max(As, σ

2(k−n))

ãäå

As = As(m(·)) =
1

2π
sup
ξ∈∆σ

(
|m(ξ)|2

s
+

2π

ξ2n
|b(ξ)|2

)
=

=
1

2π
sup
ξ∈∆σ

(
ξ2n + 2πs

sξ2n

∣∣∣∣m(ξ)− 2πs(iξ)k

ξ2n + 2πs

∣∣∣∣2 +
2πξ2k

ξ2n + 2πs

)
.

Åñëè m(ξ) = m̂(ξ) = 2πs(iξ)k/(ξ2n + 2πs), òî ëåãêî íàéòè, ÷òî

As(m̂(·)) =


k

n

(
n− k
2πks

)1−k/n

, s ≤ n− k
2πk

σ2n,

σ2k

σ2n + 2πs
, s >

n− k
2πk

σ2n.
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Îòñþäà è (7), îáîçíà÷àÿ ÷åðåç ϕ̂ ìåòîä, ñîîòâåòñòâóþùèé ôóíêöèè
m̂(·), ïîëó÷àåì, ÷òî äëÿ âñåõ s > 0

e2(ϕ̂) ≤


As(m̂(·))(sδ2 + 1), s ≤ n− k

2πk

(
k

n

) n
n−k

σ2n,

As(m̂(·))sδ2 + σ2(n−k), s >
n− k
2πk

(
k

n

) n
n−k

σ2n.

Ìèíèìóì âåëè÷èíû ñïðàâà ïî s ñîâïàäàåò ñ êâàäðàòîì âåëè÷èíû,
ñòîÿùåé â ïðàâîé ÷àñòè (1) è äîñòèãàåòñÿ â òî÷êå

ŝ =
n− k
2πk

(
k

n

) n
n−k

σ2n
0 .

Ïðè ýòîì, Aŝ(m̂(·)) = σ
2(k−n)
0 . Òàêèì îáðàçîì, åñëè îãðàíè÷åí-

íàÿ ôóíêöèÿ m(·) òàêîâà, ÷òî âûïîëíÿåòñÿ ðàâåíñòâî Aŝ(m(·)) =

σ
2(k−n)
0 , òî ñîîòâåòñòâóþùèé ìåòîä îïòèìàëåí. Íî ýòî ðàâåíñòâî,
êàê íåòðóäíî ïðîâåðèòü, ðàâíîñèëüíî óñëîâèþ (2). �

Ñëåäñòâèå íåïîñðåäñòâåííî âûòåêàåò èç äîêàçàííîé òåîðåìû.
Ïåðâûå ðåçóëüòàòû, êàñàþùèåñÿ îïòèìàëüíîãî âîññòàíîâëåíèÿ

ëèíåéíûõ îïåðàòîðîâ ïî íåòî÷íîé èíôîðìàöèè, áûëè ïîëó÷åíû â
ðàáîòå [1]. Äàëüíåéøåå ðàçâèòèå ýòà òåìàòèêà ïîëó÷èëà â ðàáîòàõ
àâòîðîâ [2], [3] è [4].
Àâòîðû áëàãîäàðíû ðåöåíçåíòó çà ïîëåçíûå çàìå÷àíèÿ.
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